Abstract. The problem of semialgebraic Lipschitz classification of quasihomogeneous polynomials on a Hölder triangle is studied. For this problem, the "moduli" are described completely in certain combinatorial terms. §1. Introduction A fundamental question of singularity theory of functions is the classification of these functions near a singular point up to a change of variables. One can consider continuous changes of variables (topological equivalence) or smooth changes of variables (differential equivalence). The first problem in these directions is the following. Is the classification problem tame? In other words, is the set of equivalence classes countable?
§1. Introduction
A fundamental question of singularity theory of functions is the classification of these functions near a singular point up to a change of variables. One can consider continuous changes of variables (topological equivalence) or smooth changes of variables (differential equivalence). The first problem in these directions is the following. Is the classification problem tame? In other words, is the set of equivalence classes countable?
For the polynomial functions of degree less than or equal to some integer d, Fukuda [4] proved a finiteness result for topological equivalence: the problem of topological equivalence is tame.
For differential equivalence, it is known that the problem is far from being tame. Lipschitz equivalence [5] and K-Lipschitz equivalence [3] can be regarded as classification problems "between" topological and differential classification. The recent results in this direction are somewhat surprising: the problem of K-Lipschitz equivalence is tame [3] and the problem of Lipschitz equivalence is not [5] . K-Lipschitz equivalence is closely related to the usual Lipschitz equivalence. Two functions f and g are said to be KLipschitz equivalent if their graphs have the same contact with the hyperplane y = 0. Henry and Parusinski [5] produced a continuous family of quasihomogeneous polynomials that contains infinitely many Lipschitz nonequivalent germs.
When a classification problem admits such families, we say that the problem has "moduli", i.e., the problem is not tame. The results of [5] motivate the following question: What is the nature of the "moduli" for the problem of Lipschitz classification?
In this paper we describe these moduli for the simplest possible case: quasihomogeneous polynomial functions defined on the so-called Hölder triangle. Note that the problem of Lipschitz classification of functions can also be viewed as a problem of Lipschitz classification of algebraic foliations. An algebraic foliation near a singular point can be decomposed into some elementary pieces: algebraic foliations on Hölder triangles. That is why the classification question on Hölder triangles is a fundamental step. The equivalence relation used in this paper is semialgebraic Lipschitz equivalence. This equivalence became important after the results of Vallete [7] who made a significant improvement of the finiteness theorem of Mostowski [6] .
We solve the problem of semialgebraic Lipschitz classification of quasihomogeneous polynomials on a Hölder triangle completely: we present a complete invariant, the socalled multiplicity symbols. This means that the moduli are described completely. §2. Basic definitions
The Hölder triangle T β ⊂ R 2 is a semialgebraic set defined as follows:
where β is a positive rational number. A polynomial F (X, Y ) is said to be admissible with respect to T β if the boundary
is admissible with respect to T β and F (x, y) = 0 for all (x, y) ∈ Int(T β ).
Two polynomials F (X, Y ) and G(X, Y ) admissible with respect to T β are said to be R-semialgebraically Lipschitz equivalent on T β if there exists a germ of a semialgebraic bi-Lipschitz homeomorphism Φ :
Two polynomials F (X, Y ) and G(X, Y ), admissible with respect to T β , are semialgebraically Lipschitz equivalent on T β if there exist a germ of a semialgebraic bi-Lipschitz homeomorphism Φ :
(We remind the reader that a map is said to be semialgebraic if its graph is a semialgebraic set.)
Let β be a positive rational number. We say that a polynomial Proof. Let F (X, Y ) and G(X, Y ) 
where
On the other hand, the map inverse to Φ can be constructed in the same form as (3.1), and we conclude that Φ is a semialgebraic bi-Lipschitz homeomorphism. We see that F and G are R-semialgebraically Lipschitz equivalent on T β , and thus, they are semialgebraically Lipschitz equivalent on T β .
Suppose Proof. Since Φ is a bi-Lipschitz semialgebraic homeomorphism, it follows that φ 1 (γ t (x)) = λx + r 1 (t, x) with λ = 0, where lim x→0 + r 1 (t,x) x = 0. Next, since Φ is Lipschitz, we have a positive constant K such that
Since Φ(x, 0) = (λ 0 x + o(x), 0) and β > 1, we conclude that λ = λ 0 . On the other hand,
Since φ 2 is a semialgebraic function, we see that
. This proves the proposition.
Note that the value a(t) defined in the above proposition can be viewed as a function depending on t.
Proposition 3.4. The function a(t) is Lipschitz.
Proof. Consider two curves γ t and γ s . We have Proof. Since F is β-quasihomogeneous, we have
where d F is the β-quasihomogeneous degree of F . Since F and G are semialgebraically Lipschitz equivalent, Propositions 3.3 and 3.4 yield
For u sufficiently close to 0, we have l(u) =cu+o(u), because l is a germ of a semialgebraic bi-Lipschitz homeomorphism (herec is a positive constant). Therefore,
a(t)).
Taking c =c λ d , we obtain the proposition.
End of the proof of Theorem 3.2. Since F and G are semialgebraically Lipschitz equivalent, we have l
. By Proposition 3.3, Φ −1 (γ s (x)) can be written in the following form:
. This means that a andã are bi-Lipschitz maps. Using the same arguments, we can prove the result in Case 2. We have proved that if F and G are semialgebraically Lipschitz equivalent, then the corresponding height functions are Lipschitz equivalent. But we have also proved that the Lipschitz equivalence of height functions implies the R-semialgebraic Lipschitz equivalence of F and G. These statements conclude the proof of Theorem 3.2. §4. Multiplicity symbols Now, we need Lemma 3.1 to conclude that φ is semialgebraic. Since φ is a bi-Lipschitz homeomorphism, we see that if t 1 , . . . , t p−1 are critical points off , then φ(t 1 ), . . . , φ(t p−1 ) are critical points ofg. Since φ is a bi-Lipschitz homeomorphism, it follows that for all t i , the multiplicity off at t i is equal to the multiplicity ofg at φ(t i ). Therefore, f and g have the same multiplicity symbol.
Using the results of § §3 and 4, we obtain the following classification theorem. 
